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On the rational approximations to e

Takeshi Okano

We have some consequences on the rational approximations to e.
In (2), P. Bundschuh has proved the following theorem.
Bundschuh’s Theorem. For all integers p,q such that q¢>0,

_ P log log 4g
Ie q |> 1842 log4q *

In (3), C.S. Davis has proved the following definitive theorem for
integers p, g such that |p|,q were sufficiently large.
Davis’ Theorem. For any ¢>0 there is an infinity of solutions of
the inequality
e~ |<(3+ <) Fod-
in integers p, q. Further, there exists a number ¢ =q () such that
|2 1> (3 ot
Jor all integers p,q with g=q'.
The aim of this note is to prove the following theorem that is
generalization of Bundschuh’s Theorem.
Theorem. Let p, q be positive integers.

Let % be the n-th convergent of e. Then

n

_gl _loglogg
\e q >rzvq”10gq

for all integers p,q such that q=qsn+: (NZ=9), where ry is any
constant such that

rv> 245/ (N—1/2)) (1+ 108 llzgg((%ﬁ;“;;’) 19,

Proof. If p/q is not a convergent of ¢, then

‘e_%'> 2%12'
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Therefore, the theorem is proved in this case.
We must consider the case that p/q is a convergent of e.
The continued fraction of ¢ is
e= [ao’ Qy, Qs Qg, *+*++ ]
=[212114,11,6,1,1, .---- 1.
In other words, @,=2, and for m=>1,
Gsm=0sm-2=1 and agn-1=2m.
Case 1. #=3m (m=N)
Since gsmi1=sm+1gsm+Gam-1=qgsm+Gsm-1, We have
|e_ g:: |> Gsm (qam];1+43m) = Qsm (ZQsmiqsm—z) > 3q}sm
As we can see that loglogx/logx is monotone decreasing for
x2=16, we have

log log gsm - log log gs =0, 1251198----- <l

loggsm =~ logqsr 3’
therefore
I o Dsm log log gsm
qsm @®sm 108 Qam *

Now we have proved the theorem in this case.
Case 2. #=3m+1 (m=N)
Since gsmiz=asm+2@sm+1+gsn=2 (M+1) am+1+Gsm, Wwe have

1 — 1
Qoms1 (@ameztGsmss)  Games (21 +3) Gomer+Gsm)

1
> 2(m+2) @*smss”

Now we must estimate gsms1.
Since Gsms122(2m+1) gom-2222 2m+1) 2m—1) gsm-s= -+
=22m2m—+1) @m—1)-----. 5.3-1, we have

| e— p8m+1
gsm+1

10g Gyms1 = log 2+§:1 log (2k+1) =m log 2+S:"“1og 2x+1)ydx
=mlog 2+ (m—1/2)log 2m—1) — (m—2)— (3/2) log 3
= (m—1/2) ((log2—1) +log 2m—1)) = (m—1/2)log (2 (2m—1) /&)
= (m—1/2)log(m+3/2)

Conversely,
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Qomsr <27 (@M A1) (2m—1) verer5e 3n O"'m('ﬂe——l))

Since
Ho+rerrd ey ) S804 -5
=1 1428...... <2
we have
P41 2™ 2m+1) 2m—1)------ 5.3.
Therefore

108 gsms1< (m+1) log 2+ f‘: log (2k+1)

< (m+1)log 2+S:n“log @r+1)dx

= (m+1)log 24 (m+3/2)log 2m~+3) —m— (3/2)log 3
=< (m+3/2) ((log 2—1) +log (2m+3))

= (m+3/2)1og(2(2m+3)/e),

log log gsm+1<log (m+3/2) +log log (2(2m--3) /e).

As we can see that L(x) =£>_g%8g<é%_;r23)’)/_e) is monotone

decreasing for ¥=9. we have
log log gsm+:1< (L+L (N))log (m+3/2).
From these consequenes, we find out

loglog gsmss (1+L (V) _ _
08 o =12 = @5/ (m=1/2)) A+L(N) 5o

2(m+2) +2)
_ loglog (2(2N +3) /e) 1
< @+5/(N~1/2) 1+ Tog (N +3/2) )Z(m 2
T~
<3 (m+2)°
Therefore
| e Dsm+1 > log log gam+1
Jsm+1 TNG*sm+1108 @sm4s

Now we have proved the theorem in this case.
Case 3. n=3m+2 (m=N)

We can prove the theorem in this case similarly in the case 1.

This completes the proof of the theorem.
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Corollary. Let p,q be positive integers such that q=2. Then
'e—£|> loglogq.
q!” 3¢*logq
Proof. It is suffice only to consider that p/q is a (3m+1)-th
convergent of e. If N=32, then

@+5/(N—1/2)) (1+1°g ll?)é ((%zﬁojg) /€) ) =2, 99505+«

Hence we can define'r;, as follows.
73:=3
From the theorem, for all positive integers p, g such that g=gsm+:
(m=32),

_ D | loglog q
’e q '> 3g%logq
We define 6., as follows.

l e— Dsm41 1 — log log Jsm+1
Qsm+1 2(m+2)@%sms1  OmqPsm+1108 Gamas

ie. 8,=2(m+2)logloggsm

log gsm 1

We show that 6,<3 for m<3l.
5,=2. 05+++--- , 052 T2eeneer , 03=2.79 e , 0,=2.79eeeee ,
05 =2, TTeveres , 06=2. T5eweeee , 072, 73 , 0=, Tleeeeer ,
0p=2. 7Qc-+-+- , 010=2. 69 , 011=2. G7++eee+ , 012=2. 66>+ ,
B13=2. 65--+--- , 014=2. 65+-e-- , 015=2. Gdoeeeer , 016=2. G4eeen-r ,
017=2, 63-+++ , 018=2, 63+ y 019=2, 62:++++ , 020=2, 62:++++ ,

031=2. 62+++++ » 093=2.6Lcee s Ogg=2. GLeveer s 024=2, 6L s
8ss=2, 60-++++ . 036=2. 60-++-- , 027=2. 60w+ , 026=2. 60w+ ,
Og9=2, 59:-e+ , 030=2,59: , 0a1=2, 59---++¢ :

This completes the proof.
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