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0ntherationalapproximationstoe

TakeshiOkano

Wehavesomeconsequencesontherationalapproximationstoe.
In(2),P.Bundschuhhasprovedthefollowingtheorem.
Bundschuh'sTheorem.Fb7'〃〃伽jeg"sp,9s"cルオ""9>0,

|.-:|>l;:,!脇~
In(3),C.S.Davishasprovedthefollowingdefinitivetheoremfor
integersP,9suchthatlPl,qweresufficientlylarge.
Davis'Theorem. _肋γα"ye>0オ""eis"""jf""yqfso〃"0"sQf

ｵﾙe"”〃α"〃

(f+.) ':§鰯e一之 く
”

加加/ggws',9.Rjγﾒ"eγ,""""js/sα〃"池6"9'=9'(E) sz"ﾙﾒﾙ”

（音-‘)';§野e_21>
9

んγα〃伽ｵ"℃γs',9加榊，≧9'・
Theaimofthisnoteistoprovethefollowingtheoremthat is
generalizationofBundschuh'sTheorem.
Theorem.Le/p,962pos"jfﾉg"ｵ電g庵・

~’

Lej生6eZ"e"-thco""噌移"＃Q/e. Tｿｼ“
9兜

e一旦>'ogJ9gq
91= 7ZV9210g9

んγα〃"＃"g海，,9 s"cル油at 9≧93,V+, (JV≧9),"""eγⅣ ZSα"y
c“zs/α"オsz“ﾙｵﾙ”

('+'｡g麗隅〃'))γ』v>(2+5/(Ⅳ－1/2))

Proof. IfP/9isnotaconvergentofe, then

‘-2>赤、9



12

Therefore, thetheoremisprovedinthiscase.

WemustconsiderthecasethatP/9isaconvergentofe.

Thecontinuedfractionofeis

2=[zzo,",,"2,(z3, ･…･･]
＝[2,1,2,1,1,4,1,1,6,1,1,……]・

Inotherwords, "0=2, andfor脚≧1,
(Z3m=fZ3m-2=1and"3m_,=2加・

Casel. "=3"z (加≧Ⅳ）
Since93"L+1=(z31n+193m,+93m_1=9sm+93m_1,wehave

e－込型＞ ’ ＝ ’，"(‘…+"蝿） ‘卿蝿(2,‘羅十‘…)>3六．93池

Aswecansee that loglogx/log" ismonotonedecreasingfor
苑≧16,wehave

1OglOgq3"≦lo"gl''=0.1251198……<;,lOgq3wI, - log927
therefore

｜‘-鶚|>臆髭蹴
Nowwehaveprovedthetheoreminthiscase.
Case2. "=3"+1 (加≧Ⅳ）
Sinceqam+2="3m+293"L+1+93",=2("+1)93w,+1+qsm,wehave

i‘-総|>’…(‘…+,…) ，…‘((2",+3)‘…+‘，鵬）1 ＝ 1

1
>2("'+i)923"""

Nowwemustestimate93"Z+1.
Since93m+,≧2(2"+1)9sm-2≧22(2"z+1)(2加一1)937"-5≧……

≧2畑(2沈十1)(2加一1)．．…･5･3･1,wehave
”L

1og9…≧wzlog2+Zlog(2"+1)≧卿l･g2÷IW~"'¥｡ルー1

=Mzlog2+(加－1/2)Iog(2池－1)-("-2)-(3/2) log3
≧(沈一1/2)((log2-1)+log(2加一1))=(加－1/2)log(2(2柳－1)/c)
≧("z-1/2)log("+3/2)

Conversely,
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9…‘≦2蝿(2柳十1)(21"-1)……5鐘‘(1+4(2"+1)(2偽二1) ）1

Since

i､('+4(2臘十1)(2ﾙｰ,) )≦員('+*)=s!哨珊2)1

＝1.1428……＜2．
wehave

98m+'≦2"@+'(2w@+1)(2郷－1)…･..5.3.
Therefore

竹Z

lOg93"z+,≦(w@+1)Iog2+ZlOg(2"+1)
ルー1

≦('"+1)'og2+r~'og(2"+1)'"
=("z+1)Iog2+("z+3/2)Iog(2"z+3)一加-(3/2)Iog3
≦("z+3/2)((Iog2-1)+10g(2"z+3))
=(Mf+3/2)Iog(2(2"z+3)/e),
loglog93m+,≦log(wz+3/2)+loglog(2(2"+3)/e).

AswecanseethatL(")=1og"(2(2frW)/e)ismonotonelog("+3/2)
decreasingfor妬之9.wehave

lOglOg93m+,≦(1+L(N))Iog(wz+3/2).
Fromtheseconsequenes,wefindout

Iogl｡…’≦消粥三(2､'-1/2))(1+L(jV))2(*2)lOg93",+,

≦(2+5/(jV-1/2))(1+lqg髭朏湧)/e))2("2)
〈2(猟2)、

Therefore

g_'3'"+' > lqgloS93,"+:
93m+， γⅣ9237"+,IOg9”L+，

■

Nowwehaveprovedthetheoreminthiscase.
Case3． 〃=3"z+2 (wz≧Ⅳ）
Wecanprovethetheoreminthiscasesimilarlyinthe
Thiscompletestheproofofthetheorem.

casel.
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Corollary．L"p,96e加sj"zﾉe加彪g8"s"c〃肋"9≧2.T"2"

｜‘-:|>謬鰐
Proof・ It issufIiceonlytoconsider thatP/q isa (3wz+1)-th
convergentofe. IfZV=32, then

(2+5/(iV-1/2))('+'9婁淫脳湧)/@))=299505……
Hencewecandefine7'32asfollows.

γ32＝3
Fromthetheorem, forallpositiveintegersP,9suchthat9≧93",+'

(加≧32)，

|‘-:|>穿協
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