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1Onthe lrrationalityof (4"+1)2

TakeshiOKANO

§1． Introduction.

F.Beukers [2]provedtheirrationalityof<(2) bymeansof
double integrals. Thissuggests toprove the irrationalityof
certaininfiniteseriestobepossible.
Theaimofthisnoteistoprovethefollowingtheorem.

“ 1THEOREM.Da/ｶ"cH=Z":MF+r一．TWe"Hisi"""0"α/、FI (4"+1)2

WegiveanelementaryproofOf this theoremusing. the
methodofF・Beukers.

Noto thatH=:(f+G)=LO7483307…,whereGdenotes
Catalan's constant. It isyetundeterminedthatwhetherGis
irrationalornot.

1－s;I｡ylj , th｡'1‘一卜‘I‘ by1, ． thel･wes上Throughoutthisnotewedenote lim

commonmultipleofl, 2,…,"byα".Thevalueofa施canbe
estimateby

d"=n l[log"/logp]< n ,lOg"/logl=〃燕(7Z)' .
prlme prlme
p≦〃 ′≦〃

andthelatternumber issmallerthan .3" for su価ciently large
〃．

§2．ProofoftheTheorem． 、 ~

LEMMA1. Z,"γα"ds, 6e"0"-"egz"""rggws.〃γ>s,
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1 1

1｡1, '""d"'(a)

isαγα"0"αノ〃"瓶62γ”〃osede"0"""α功γ isα〃z'/sO7' of"r2 ･
〃γ==S, オルe〃

ユ エ

l｡1｡'r"~d"'(b)

1 1［去十÷+…＋(4('-,)+,),]・
函

＝畠, (4席+')．
Remark. Incase "=0, weletthesuml-2+5-2+. . .

+(4("-1)+1)-2vanish.
Weomit theproofofLemmalsinceit isverysimilarto

thatofLemmalof [2].

LEMMA2・ Z,e#0<r<1,α"‘ノaj=i/=I.T"c"
1 1(c) 了二戸=去畠1-"#'

(d) | 1－獅｜≧1-2 ("=0, 1, 2,3)
α"〃

3 1
(e) Zgo(1-j"t)"& >0/bγα"y加s"zﾉe"/"Eγ加・
Theproofiseasyandwillbeomitted.
Nowwegivethedetailsoftheproofofourresult.
ProofoftheTheorem. Forapositiveinteger"considerthe

integral
l l

l｡l｡ (｣了蝋I(")d"dy, (1)
whereP4"(") istheLegendre-typepolynomialgivenby
(4") !Pf"(x)=("")4"Jr4"(1－％)4".ItisclearfromLemmal that
integral(1) equals (A"+azH)d4"-2 forsomeA"EZanda@EZ
Andit isalsoclearfromLemma2that integral (1) equals

l l

1 A｢ ｢ (1-y)4"("/dr)4""4"(1-'r)4"1 1l.1('-"'"""('-"):""" (2)4(4") ！豊0 ， ．
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Aftera(4")-foldpartial integrationwithrespectto% integral

(2) changesinto
1 1

IIy4"('52鯏：亙躯)4'z f加Zy. (3)上自4igoJo Jo
It isamatterofstraightforwardcomputationtoshowthat

y(1-y)"(1-x) ≦ forallO<"<1andO<jﾉ<1.（ゾテ')‘1－％y
FromLemma2,wehavethefollowinginequalities
0<IA"+azH|必而2

1 1

－1 畠「 ｢ y4"(1-y)4施"4"(1－兆)4" ，-7〃‘-7紅！三雄 血吻ノ,1｡1,
1 1

≦1I(x上≦1
l1－j化”'4"+Ⅱ

'1｡(y('=flM｣二塾')"="""1－秒

≦(､等')｡,蝿噌(2)，
andhence

0<IA"+B"H|≦"(､'零')｡'":(2)
〈9蝿(ｿ等1)‘｡"<(2)〈(5/6)“

forsu伍cientlylarge". ThisimpliestheirrationalityofH
Thiscompletestheproofofthetheorem.
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