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§ 1. Introduction.
F. Beukers [2] proved the irrationality of {(2) by means of

double integrals. This suggests to prove the irrationality of

certain infinite series to be possible.
The aim of this note is to prove the following theorem

THEOREM. Define H= }:} DT +1)2 « Then H is irrational

We give an elementary proof of this theorem using. the

method of F. Beukers.
Note that H =%(%2+ G)=1.07483307 -, where G denotes

Catalan’s constant. It is yet undetermined that whether G is

irrational or not. .

. . . 1 .

Throughout this note we denote 1imj. by j , the lowest
e~+0YJ,

The value of d. canv'be-

common multiple of 1, 2, «--, # by d,.
estimate by
=1 ¢ [log n/log p] . n » log 7/log. p ",
prime prime .
’ : P<n

p<n
and the latter number is smaller than 3" for sufficiently large

'

n. -
' ST

§ 2. Proof of the Theorem.
LEMMA 1. Let r and s, be non-negative mtegers If r>s,
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then
1 1
x4ry43
@ | S T—(m)e %
is a rational number whose denominator is a divisor of di*-
If r=s, then
1 1
47 04T
(b) XY __ dxdy
e
® 1 1 1 1
=@y Tt w o Yae=nT)
Remark. In case =0, we let the sum1~? 4 5% 4-
+ (4(r—1)+1)? vanish.
We omit the proof of Lemma 1 since it is very similar to
that of Lemma 1 of [2].

LEMMA 2. Let 0<t<1, and let i =v/—=1. Then
1 _ 1 3 1
(©) =@ =71 X 1-m"
and
3 1 e
(e) IEO-(I—_W > 0 for any positive integer m.

The proof is easy and will be omitted.

Now we give the details of the proof of our result.

Proof of the Theorem. For a positive integer # consider the
integral

1 1 .

[ P sy
where P,,(x) is the Legendre-type polynom1al given by
(4n) ! Pyn (%) = (d/dx) *"x*» (1—x)**. It is clear from Lemma 1 that
integral (1) equals (Ar+B.H)d,w™? for some A, e Z and B, ¢ Z.
And it is also clear from Lemma 2 that integral (1) equals

1 (1—y)**(d/dx) “"x4n(1—x) 4
4(4”) ! kg 5 .‘ 1—i%xy dxdy (2)
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After a (4n)-fold partial integration with respect to 2 integral
(2) changes into

11
1 3 y4n(1_y)4nx4n(1_x) in
4 kz=:0 So So (1—7Fxy)in+t dxdy.

(3)
It is a matter of straightforward computation to show that

yA—=y)x(1—x) vV5—1Y
sy < ( > ) for all 0 <x<1 and 0<y< 1.
From Lemma 2, we have the following inequalities

0 <|An+B:H|diz*

1 1

13 yr(l—y)irxin(l—x)én

=7 5050 L =gy 4
1 1

yA=y) x(1-x)\*" 1

gjo s(,( 1—xy ) 1—xy dxdy
Vv — 1\

= (Y=L,

and hence

0 <|An+BoH| < dis? (‘/32—‘1)" )

< gm(@)m 2@ < (5/6)*

for sufficiently large #. This implies the irrationality of H.
This completes the proof of the theorem.
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